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Opti 503A Solutions 1/2 
 
Problem 17) Define 𝐴𝐴 = �𝑛𝑛0� + �𝑛𝑛3� + �𝑛𝑛6� + ⋯, 𝐵𝐵 = �𝑛𝑛1� + �𝑛𝑛4� + �𝑛𝑛7� + ⋯, 𝐶𝐶 = �𝑛𝑛2� + �𝑛𝑛5� + �𝑛𝑛8� + ⋯, 

then invoke the binomial expansion (1 + 𝑥𝑥)𝑛𝑛 = ∑ �𝑛𝑛𝑚𝑚�𝑥𝑥
𝑚𝑚𝑛𝑛

𝑚𝑚=0  to arrive at  

 [1 + exp(i2𝜋𝜋 3⁄ )]𝑛𝑛 = � �𝑛𝑛𝑚𝑚� exp(i2𝜋𝜋𝜋𝜋 3⁄ )
𝑛𝑛

𝑚𝑚=0
= 𝐴𝐴 + 𝐵𝐵 exp(i2𝜋𝜋 3⁄ ) + 𝐶𝐶 exp(i4𝜋𝜋 3⁄ ). (1) 

 [1 + exp(i4𝜋𝜋 3⁄ )]𝑛𝑛 = � �𝑛𝑛𝑚𝑚� exp(i4𝜋𝜋𝜋𝜋 3⁄ )
𝑛𝑛

𝑚𝑚=0
= 𝐴𝐴 + 𝐵𝐵 exp(i4𝜋𝜋 3⁄ ) + 𝐶𝐶 exp(i2𝜋𝜋 3⁄ ). (2) 

 (1 + 1)𝑛𝑛 = � �𝑛𝑛𝑚𝑚�
𝑛𝑛

𝑚𝑚=0
= 𝐴𝐴 + 𝐵𝐵 + 𝐶𝐶. (3) 

On the left-hand side of Eq.(1), recalling that cos(𝜋𝜋 3⁄ ) = ½, we will have 

 [1 + exp(i2𝜋𝜋 3⁄ )]𝑛𝑛 = 𝑒𝑒i𝜋𝜋𝜋𝜋 3⁄ (𝑒𝑒−i𝜋𝜋 3⁄ + 𝑒𝑒i𝜋𝜋 3⁄ )𝑛𝑛 = 𝑒𝑒i𝜋𝜋𝜋𝜋 3⁄ [2 cos(𝜋𝜋 3⁄ )]𝑛𝑛 = 𝑒𝑒i𝜋𝜋𝜋𝜋 3⁄ . (4) 

Similarly, on the left-hand side of Eq.(2), recalling that sin(𝜋𝜋 6⁄ ) = ½, we will have 

 [1 + exp(i4𝜋𝜋 3⁄ )]𝑛𝑛 = [1 − exp(i𝜋𝜋 3⁄ )]𝑛𝑛 = 𝑒𝑒i𝜋𝜋𝜋𝜋 6⁄ (𝑒𝑒−i𝜋𝜋 6⁄ − 𝑒𝑒i𝜋𝜋 6⁄ )𝑛𝑛 

 = 𝑒𝑒i𝜋𝜋𝜋𝜋 6⁄ [−2i sin(𝜋𝜋 6⁄ )]𝑛𝑛 = (−i)𝑛𝑛𝑒𝑒i𝜋𝜋𝜋𝜋 6⁄ = 𝑒𝑒−i𝜋𝜋𝜋𝜋 2⁄ 𝑒𝑒i𝜋𝜋𝜋𝜋 6⁄ = 𝑒𝑒−i𝜋𝜋𝜋𝜋 3⁄ . (5) 

Substitution for 𝐴𝐴 into Eqs.(1) and (2) from Eq.(3), namely, 𝐴𝐴 = 2𝑛𝑛 − 𝐵𝐵 − 𝐶𝐶, now yields 

 𝐵𝐵[1 − exp(i2𝜋𝜋 3⁄ )] + 𝐶𝐶[1 − exp(i4𝜋𝜋 3⁄ )] = 2𝑛𝑛 − 𝑒𝑒i𝜋𝜋𝜋𝜋 3⁄  (6) 

 𝐵𝐵[1 − exp(i4𝜋𝜋 3⁄ )] + 𝐶𝐶[1 − exp(i2𝜋𝜋 3⁄ )] = 2𝑛𝑛 − 𝑒𝑒−i𝜋𝜋𝜋𝜋 3⁄ . (7) 

Given the identities 

 1 − exp(i2𝜋𝜋 3⁄ ) = 1 − cos(2𝜋𝜋 3⁄ ) − i sin(2𝜋𝜋 3⁄ ) = 1 + ½ − i√3 2⁄ = √3 exp(−i𝜋𝜋 6⁄ ), (8) 

 1 − exp(i4𝜋𝜋 3⁄ ) = 1 − cos(4𝜋𝜋 3⁄ ) − i sin(4𝜋𝜋 3⁄ ) = 1 + ½ + i√3 2⁄ = √3 exp(i𝜋𝜋 6⁄ ), (9) 

equations (6) and (7) may now be streamlined and written (in matrix notation) as follows: 

 √3�
𝑒𝑒−i𝜋𝜋 6⁄ 𝑒𝑒i𝜋𝜋 6⁄

𝑒𝑒i𝜋𝜋 6⁄ 𝑒𝑒−i𝜋𝜋 6⁄
� �

𝐵𝐵

𝐶𝐶
� = �

2𝑛𝑛 − 𝑒𝑒i𝜋𝜋𝜋𝜋 3⁄

2𝑛𝑛 − 𝑒𝑒−i𝜋𝜋𝜋𝜋 3⁄
�. (10) 

Consequently, 

 �
𝐵𝐵

𝐶𝐶
� = 1

√3
�
𝑒𝑒−i𝜋𝜋 6⁄ 𝑒𝑒i𝜋𝜋 6⁄

𝑒𝑒i𝜋𝜋 6⁄ 𝑒𝑒−i𝜋𝜋 6⁄
�
−1

�
2𝑛𝑛 − 𝑒𝑒i𝜋𝜋𝜋𝜋 3⁄

2𝑛𝑛 − 𝑒𝑒−i𝜋𝜋𝜋𝜋 3⁄
� 

 = 1
√3�𝑒𝑒−i𝜋𝜋 3⁄  − 𝑒𝑒i𝜋𝜋 3⁄ �

�
𝑒𝑒−i𝜋𝜋 6⁄ −𝑒𝑒i𝜋𝜋 6⁄

−𝑒𝑒i𝜋𝜋 6⁄ 𝑒𝑒−i𝜋𝜋 6⁄
� �

2𝑛𝑛 − 𝑒𝑒i𝜋𝜋𝜋𝜋 3⁄

2𝑛𝑛 − 𝑒𝑒−i𝜋𝜋𝜋𝜋 3⁄
� 
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 = 1
3
�
2𝑛𝑛 + 2 sin(⅓𝜋𝜋𝜋𝜋 −⅙𝜋𝜋)

2𝑛𝑛 − 2 sin(⅓𝜋𝜋𝜋𝜋 + ⅙𝜋𝜋)
� = 1

3
�
2𝑛𝑛 + 2 cos(⅓𝜋𝜋𝜋𝜋 −⅙𝜋𝜋 − ½𝜋𝜋)

2𝑛𝑛 + 2 cos(⅓𝜋𝜋𝜋𝜋 + ⅙𝜋𝜋 + ½𝜋𝜋)
� 

 = 1
3
�
2𝑛𝑛 + 2 cos[(𝑛𝑛 − 2)𝜋𝜋 3⁄ ]

2𝑛𝑛 + 2 cos[(𝑛𝑛 + 2)𝜋𝜋 3⁄ ]
�. (11) 

Finally, the value of 𝐴𝐴 is obtained as follows: 

 𝐴𝐴 = 2𝑛𝑛 − (𝐵𝐵 + 𝐶𝐶) = 2𝑛𝑛 −⅔{2𝑛𝑛 + cos[(𝑛𝑛 − 2)𝜋𝜋 3⁄ ] + cos[(𝑛𝑛 + 2)𝜋𝜋 3⁄ ]} 

 = ⅓[2𝑛𝑛 − 4 cos(𝑛𝑛𝑛𝑛 3⁄ ) cos(2𝜋𝜋 3⁄ )] = ⅓[2𝑛𝑛 + 2 cos(𝑛𝑛𝑛𝑛 3⁄ )]. (12) 
 

cos𝑎𝑎 + cos 𝑏𝑏 = 2 cos[(𝑎𝑎 + 𝑏𝑏) 2⁄ ] cos[(𝑎𝑎 − 𝑏𝑏) 2⁄ ] 


