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problem 17 Defne .= 3) (3 + (3)+ .5 = (1) + ()4 () 6= (3)+ )+ ()

then invoke the binomial expansion (1 + x)" = ;zo(:ﬁ)xm to arrive at

[1+ exp(i2n/3)]" = Zn (rrrlz) exp(i2mrm/3) = A+ Bexp(i2n/3) + C exp(i4m/3). (1)

[1+ exp(i4n/3)]|" = Zn (77711) exp(i4mm/3) = A+ Bexp(i4n/3) + C exp(i2mw/3). (2)

m=0

1+1)" = Zmzo(:r‘l) —A+B+C. 3)
On the left-hand side of Eq.(1), recalling that cos(m/3) = %, we will have
[1+ exp(i2m/3)]" = e'™/3(e~1"/3 4 ¢I®/3)1 = £im/3[2 cos(m/3)|* = e ™/3.  (4)
Similarly, on the left-hand side of Eq.(2), recalling that sin(7/6) = %, we will have
[1+ exp(i4m/3)]" = [1 — exp(in/3)]" = ei™/6(e~17/6 — gin/6)n
= e™/6[—2isin(rr/6)]" = (—i)"e™/6 = giTn/2¢imN/6 = g=inn/3 (5)
Substitution for A into Egs.(1) and (2) from Eq.(3), namely, A = 2™ — B — C, now yields
B[1 — exp(i2n/3)] + C[1 — exp(i4n/3)] = 2™ — ei™/3 (6)
B[1 — exp(i4m/3)] + C[1 — exp(i2m/3)] = 2™ — e~1™"/3, (7)
Given the identities
1 —exp(i2m/3) = 1 — cos(2m/3) —isin(2m/3) = 1+ ¥% —iV3/2 = V3 exp(—in/6), (8)
1 — exp(i4m/3) = 1 — cos(4m/3) —isin(4n/3) = 1+ % +iV3/2 = V3 exp(in/6), (9)

equations (6) and (7) may now be streamlined and written (in matrix notation) as follows:

e—in/6 ein/6 B on _ einn/B
ein/6 e—in/6 C on _ e—inn/B
Consequently,
B 1 e~im/6  oim/6 -1 on _ pinn/3
<C> - ‘/_§< eim/6 e‘i”/6> <2" — e‘i””/3>

1 e—iTL’/6 _ein/6 on _ eirm/3
B \/§(e_iﬂ/3 - ei”/3) _ein/6 e—in/é on _ e—inn/s
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) 2™ + 2 sin(Yamn — Yem)] ) 2™ + 2 cos(Yamn — Yem — Vo)
*lan — 2 sin(YAmn + Yer) *l2n 42 cos(Yamn + Yem + Yam)
2™ + 2 cos[(n — 2)m /3]
1
== . (11)
[2™ + 2 cos[(n + 2)m/3].
Finally, the value of 4 is obtained as follows:  [cosa +cosb = 2cos[(a + b)/2] cosl(a — b)/2] |

A=2"—(B+C)= 2" — 24{2" + cos[(n — 2)1/3] T cos[(n + 2)m/3]}

= 15[2™ — 4 cos(nm/3) cos(2m/3)] = %[2™ + 2 cos(nm/3)]. (12)




